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RADIATIVE HEAT TRANSFER BETWEEN PLANAR SURFACES 
WITH FILUTD JUNCTURES 
By Wm. Pricherd Jones 
A numerical ana lys i s  of t he  e f f e c t  of a c i r c u l a r  f i l l e t  on t h e  thermal 
r a d i a t i o n  exchange between planar  surfaces  of  zero conduct ivi ty  in t e r sec t ing  a t  a 
sharp angle i s  presented.  Temperature va r i a t ion  along the  surface f o r  a constant 
heat  t r a n s f e r  and l o c a l  hea t - t ransfer  var ia t ion  f o r  a constant wall temperature 
i s  obtained. Surface emissivi ty ,  which i s  assumed t o  be independent of wavelength 
and temperature, and f i l l e t  s i ze  are var ied i n  t h e  ana lys i s .  The "hot spot" f o r  
t h e  u n f i l l e t e d  s t ruc tu re  i s  found a t  t he  in t e r sec t ion  of t h e  planar  surfaces  but  
i s  moved t o  the poin t  of juncture  i n  t h e  case of a f i l l e t e d  s t ruc tu re  and i s  
reduced i n  value.  For planar  surfaces  t h a t  i n t e r s e c t  a t  a r i g h t  angle ,  t he  temper- 
a tu re  and l o c a l  hea t - t r ans fe r  d i s t r ibu t ions  f o r  var ious f i l l e t  s i ze s  a r e  compared 
with t h e  corresponding d i s t r i b u t i o n s  of the  u n f i l l e t e d  surface.  Exact r e s u l t s  are 
compared a l s o  with t h e  temperature and hea t - t ransfer  d i s t r i b u t i o n s  obtained from 
an approximation t o  t h e  r ad ia t ion  f l u x  function which i s  based on t h e  use of a 
shape f a c t o r .  For a vide range of values for  t h e  emiss iv i ty  and f i l l e t  s i ze ,  t h e  
--_ - \ 
~ 
agreement between approximate and exact r e s u l t s  i s  wi th in  5 percent .  
INTRODUCTION 
I n t e r e s t  i n  r ad ia t ive  cooling oI" space vehic les ,  so l a r  energy co l l ec to r s ,  
and t h e r m 1  r a d i a t i o n  sh ie lds  has brought about a need t o  increase t h e  fund of 
engineering knowledge through predic t ions  of t h e  c h a r a c t e r i s t i c s  of bas ic  geometric 
configurat ions and through appl ica t ion  o f  avai lable  mathematical techniques t o  t h e  
ana lys i s  of t h e  fundamental equations.  Heaslet and Lomax contr ibuted t o  t h a t  fund 
by examining t h e  r a d i a t i v e  heat  t r a n s f e r  between conducting planar  surfaces  t h a t  
i n t e r s e c t  a t  a sharp angle ( r e f .  1). These same authors  a l s o  s tudied t h e  rad ia-  
t i v e  heat  t r a n s f e r  f o r  i n f i n i t e ,  nonconducting s h e l l s  v i t h  c i r cu la r - a rc  sec t ions  
( r e f .  2 ) .  
published analyses  by wedding t h e  two configurations employed i n  t h e i r  T70rk. 
planar  surfaces  a re  joined by- a concave surface of a r b i t r a r y  rad ius ,  t h a t  is, 
joined by a f i l l e t .  The presence of the  f i l l e t  a t  t h e  juncture of t h e  planar  sur- 
faces  a f f e c t s  t h e  magnitude and d i s t r ibu t ion  of r a d i a t i o n  f l u x ,  exact so lu t ions  
f o r  which a re  obtained from a machine code tha t  incorporates  t h e  Liouville-Neumann 
TIne purpose of this paper i s  t o  extend t h e  r e s u l t s  of these  t-.-o r ecen t ly  
Thus, 
method of solving a Fredholm i n t e g r a l  equation of t h e  second kind. Simple, closed- 
form solutions f o r  c e r t a i n  l i m i t i n g  condi t ions provide a p a r t i a l  check on numerical 
r e s u l t s  . 
The emphasis i n  t h i s  ana lys i s  w i l l  be placed on, f i r s t ,  t h e  inf luence of t h e  
f i l l e t  on the r a d i a t i v e  f l u x  d i s t r i b u t i o n  corresponding t o  t h e  u n f i l l e t e d  s t r u c t u r e  
and, second, t h e  importance of surface emis s iv i ty .  E f fec t s  of t h e r m 1  conduction 
x j i l l  not be t r e a t e d  here,  t hus  el iminat ing nonlinear terms i n  t h e  governing i n t e -  
g r a l  equation. The configurat ion,  two-dimensional surfaces i n t e r s e c t i n g  a t  r i g h t  
angles ,  su f f i ces  t o  i l l u s t r a t e  t h e  a l t e r a t i o n  of t h e  f l u x  d i s t r i b u t i o n  due t o  
changes i n  the primary parameter, f i l l e t  s i z e .  
f ace  p rope r t i e s  of abso rp t iv i ty  and r e f l e c t i v i t y  a r e  assumed t o  be independent of 
surface temperature, and uavelength of r a d i a t i o n .  
i s  assumed equal t o  t h e  abso rp t iv i ty ,  l e s s  t han  u n i t y  and constant a t  a l l  temper- 
a t u r e s  and a t  all wavelengths. I n  
addi t ion,  it i s  assumed t h a t  emission and r e f l e c t i o n  a r e  d i f f u s e  and only t h e  
concave side of t h e  configurat ion r a d i a t e s .  
A s  i n  references 1 and 2, t he  sur- 
The emissivi ty  of t h e  surface 
By d e f i n i t i o n ,  then ,  t he  surface i s  gray. 
Two physical problems e r e  formulated and solved Tor a f i l l e t e d  s t r u c t u r e .  
I n  t h e  f i r s t  example t h e  surface i s  held a t  a c o n s t m t  temperature and t h e  varin- 
t i o n  i n  l o c a l  heat  t r a n s f e r  along the  surface i s  found. 
constant heat t r a n s f e r  i s  provided and t h e  v a r i a t i o n  i n  temperature along t h e  sur- 
face  i s  found. 
so lu t ions  for  an uni'illeted s t r u c t u r e  (some of' vhich do not appear i n  r e f .  1) t o  
demonstr,ate t h e  inf luence of t h e  f i l l e t .  
I n  the  second exzmple a 
The so lu t ions  t o  these  problems are compared rrith corresponding 
To compare so lu t ions  corresponding t o  d i f f e r e n t  f i l l e t  s i z e s ,  t h e  t o t a l  
length of the combined surfaces  i s  he ld  constant .  
given simply as  t h e  r a t i o  of f i l l e t  l eng th  t o  t o t a l  l eng th .  
1, t h e  Frescnt r e s u l t s  €or l o c a l  hea t  t r a n s f e r  and temperature v a r i a t i o n  a r e  
i d e n t i c a l  
f o r  i n f i n i t e  s h e l l s  with c i r c u l a r - a r c  sec t ions .  For a length r a t i o  of 0 the  l o c a l  
hea t - t r anz fe r  so lu t ion  Trithout conduction i s  t h e  seme as t h a t  given i n  reference 1, 
bu t  t h e  second example, temperature v a r i a t i o n  Trith constant heat  t r a n c f e r  f o r  
ad jc in ing  p l a t e s ,  i s  given he re .  
F i l l e t  s i z e ,  t he re fo re ,  can be 
When t h i s  r a t i o  i s  
i t h  r e s u l t s  published i n  reference 2, which t r e a t s  r a d i a t i v e  t r a n s f e r  
NOTATION 
see f i g u r e  1 
t o t a l  r a d i a t i o n  f l u x  func t ion  (energy pe r  u n i t  a rea ,  t ime)  
distance between f i e l d  and source p o i n t s  
shzpe f a c t o r  defined i n  equation (31)  
urknoiin funct ion i n  equation (12) 














kerne l  funct ion defined i n  equation (1) 
dimensionless length of s t r a igh t - l i ne  segment on surface 
length of s t r a i g h t - l i n e  segment on surface cross  sec t ion  
t o t a l  length of surface c ross  section, 2s + 2L 
l o c a l  h e a t - t r a n s f e r  funct ion defined i n  equation (7)  
R dimensionless radius  of f i l l e t ,  - S + L  
S r a t i o  of t o t a l  f i l l e t  a r c  length t o  t o t a l  surface length,  - 
S + L  
rad ius  of c i r c u l a r  a rc  
surface coordinate of po in t  divided by S + L 
a half- length of c i r cu la r - a rc  segment on surface cross  sect ion,  - 
4 
temperature funct ion 
Cartesian coordinate divided by S + L 
Cartesian coordinate divided by S + L 
a b s o r p t i v i t y  of gray surface 
dY slope angle of surface a t  f i e l d  point ,  a r c  t a n  - 
dx 
di f fe rence  i n  l e f t  and r i g h t  value of der iva t ive  of a funct ion 
emissivi ty  of gray surface 
angular coordinate of point  on surface 
scale  constant determined by equation (18) when evaluated a t  s = 0 
parameter defined by equation (13)  or (14) 
r e f l e c t i v i t y  of gray surface 
angle measured from normal t o  surface a t  f i e l d  poin t  t o  l i n e  jo in ing  
a 
f i e l d  and source po in t s ,  a r c  s in  - C 




constant value of funct ion 
maximum value of funct ion used as reference value 
approximate value of a func t ion  
Superscr ipts  
source of r ad ia t ion ;  unprimed coordinate r e f e r s  t o  l o c a t i o n  of f i e l d  po in t ,  
t h a t  i s ,  coordinate of r ece ive r  
FORMULATION O F  PROBLEM 
Consider a concave c y l i n d r i c a l  surface of i n f i n i t e  width, a c r o s s  sec t ion  of 
vhich i s  shown i n  f i g u r e  1, t h a t  i s  symmetric about a gene ra t r ix  of t h e  surface 
mid~.ray betveen t h e  ends. Length along a c ros s  sec t ion  of t h e  surface i s  measured 
from t h e  midline and i n  a d i r e c t i o n  perpendicular t o  the  generators  of t h e  sur face .  
The c h a r a c t e r i s t i c  dimension f o r  t h i s  problem i s  t h e  half- length,  LT /2, of t h e  
surface cross sec t ion  and it i s  used t o  make a l l  q u a n t i t i e s  involving length 
dimensionless. Since the  surface i s  two-dimensional, an  i n f i n i t e s i m a l  element of 
area of un i t  width i s  represented by ds  o r  d s '  where s '  i s  t h e  dimensionless 
surface coordinate t h a t  l o c a t e s  t h e  source l i n e  element and s l o c a t e s  t h e  f i e l d  
l i n e  element a t  which r a d i a t i o n  i s  inc iden t .  
The thermal r a d i a t i o n  f i e l d  (energy/unit  t ime) incident  a t  a f i e l d  po in t ,  s ,  
l y ing  on the concave s ide  of t h e  surface i s  ca l cu la t ed  by summing t h e  t o t a l  r ad ia -  
t i o n  emitted a t  a l l  source po in t s ,  S I ,  a l s o  ly ing  on t h e  concave s ide  of t he  sur- 
f a c e .  Diffusely r a d i a t i n g  elements a r e  assumed t o  s a t i s f y  Lambert's cosine law. 
This means t h a t  when t h e  normals t o  the  elements, d s  and d s ' ,  a t  t h e  f i e l d  po in t  
and source po in t ,  r e spec t ive ly ,  are pro jec ted  onto t h e  l i n e  joining t h e  po in t s ,  
t h e  f l u x  received by each element i s  d i r e c t l y  proport ional  t o  t h e  a r e a  of t h e  
pro jec ted  elements. I n  t h e  i d e a l i z e d  problem t o  be t r e a t e d  here,  t h e  normals, 
N and N ' ,  are coplanar, affording a simple expression f o r  t h e  angle f a c t o r  ( s e e  
r e f .  3 ) .  
The incremental angle f a c t o r ,  o r  ke rne l  funct ion t imes t h e  source element, d s ' ,  
determines t h e  f r a c t i o n  of energy emitted and r e f l e c t e d  a t  d s '  t h a t  f a l l s  
d i r e c t l y  on ds and i s  given as  




normal t o  the  surface a t  t he  f i e l d  poin t  t o  the l i n e  jo in ing  t h e  source and f i e l d  
s o i n t s  Equation (1) defines  the  kerne l  function, K(s, s ' ) .  The mathematical 
form and p r o p e r t i e s  of t h e  kernel  thzt  a re  p r t . i n e n t  t o  the  present  problem, apa r t  
from t h e  matter of machine coding, w i l l  be se t  f o r t h  i n  the  next sect ion.  
ip i s  t h e  angle measured (counterclockvise, +: clockwise, - )  from the  
Each element of the  surface emits rad ia t ion  according t o  the  Stefan-Boltzmann 
l a b 7  adjusted by a f ac to r ,  E, the  emissivi ty  of t h e  surface.  An energy-flux balance 
f o r  an element ds' on t h e  concave s ide of the surface i s  w r i t t e n  as a sum of two 
terms: t h e  emitted r ad ia t ion ,  E0T4( s ' ) ,  and the r e f l e c t e d  r ad ia t ion ,  pH( s' ) , where 
H ( s ' )  i s  the  energy-flux incident  a t  s' and p i s  the  r e f l e c t i v i t y  of t h e  
surface.  The t o t a l  f l u x ,  B(s'), ensuing from the  source point  i s  
B(s') = E G @ ( s ' )  + pH(sl) 
where the  func t ion  H ( s ' )  i s  
H ( s ' )  = r B(s)K(s, s ' ) d s  ( 3 )  
an i n t e g r a l  of the  t o t a l  f l u x  a r r i v i n g  a t  s' summed over t h e  e n t i r e  length of 
t he  surface.  The source and f i e l d  poin ts  are  interchangeable,  so t h a t  t he  i n t e g r a l  
equation f o r  t h e  t o t a l  f l ux  leaving ds  i s  
B(s) = E O . T ~ ( S )  + p B(s')K(s, s ' ) d s '  
' s LT (4 )  
For the  gra.y surface considered here the c o e f f i c i e n t s  of r e f l e c t i v i t y ,  p, 
absorp t iv i ty ,  a ,  and emissivi ty ,  E, s a t i s f y  the  r e l a t i o n s  
1 = p + a  ( 5 )  
The l a t t e r  equation i s  Kirchhoff ' s  l a w  under t h e  condi t ion of temperature 
equilibrium. The hea t - t ransfer  funct ion i s  defined a s  
& ( S )  = B ( s )  - H(s) 
which, combined with equations ( 2 ) ,  ( 5 )  , and (6)  , gives 
(7) 
Inser t ing  equation (8) i n t o  ( 4 )  c a s t s  t h e  inhomogeneous i n t e g r a l  equation ( 4 )  
i n t o  a form convenient t o  formulate the  two problems mentioned e a r l i e r .  The b a s i c  
equation which serves as a starting poin t  f o r  t h e  numerical work i s  
and the  two problems a r e  s t a t e d  next i n  dimensionless form. 
If a constant temperature, To, i s  maintained everywhere on the  surface,  then  
e quat i on ( 9 ) become s 
E K ( s ,  s ' ) d s '  - Q ( s ) = E + (1 - € )  
0rO4 
I f ,  instead,  a constant heat t r a n s f e r ,  &o, i s  provided everyvhere, then equation 
(9) t akes  the form 
I n  the formal mathematical so lu t ion  of equation (10) or  (11) or both,  one 
considers the Fredholm i n t e g r a l  equation 
where, f o r  the  constant temperature case,  
A = 1 - E  
and i n  t h e  case of constant heat  t r a n s f e r  
oT4(s) - 
E 
G ( s )  = 
QO 
A = l  
6 
It can be seen from equations (12) and (14)  t h a t  t he  gradient  of t he  temperature 
f i e l d  i s  independent of t h e  emissivi ty ,  whereas the  gradient  of t h e  hea t - t ransfer  
f l e l d  i s  a l t e r e d  by t h e  presence of t he  factor  (1 - E ) / E ~  i n  equation (13 ) .  
Equations (10) and (11) , or equivalently,  equation (12) with (13) or  (14), 
a r e  solved numerically f o r  t h e  configuration shown i n  f igu re  2. It cons i s t s  of 
planes of length  
by a concave surface of length  2S, a section of which i s  a c i r c u l a r  a r c .  
parameter, rs, i s  defined as 




S + L  rs = 
and w i l l  be var ied i n  the  a n a l y s i s  along with the  emissivi ty .  
d i f f e ren t  configurations,  t he  t o t a l  length of  t he  surface,  LT, where 
I n  order t o  compare 
i s  held constant .  Since dimensions involving length have been made dimensionless 
by dividing by the  surface half- length,  L T / ~ ,  t he  l i m i t s  of i n t e g r a t i o n  i n  t h e  
surface coordinate system become +l and -1. 
Before examination of t he  composite kernel  funct ion i n  the  next sect ion,  it 
i s  noted t h a t  equations (10) and (11) have a simple ana ly t i c  form i n  the  spec ia l  
case t h a t  
rs = 1 
t h a t  i s ,  when the  plane surface length,  L, i s  zero. The configurat ion then i s  an 
i n f i n i t e  s h e l l  with a c i r c u l a r - a r c  sec t ion  f o r  which the  so lu t ions  t o  the  t ~ v o  
problems s t a t e d  above a r e  given i n  reference 2. They a r e  
f o r  t he  constant s h e l l  temperature and 
f o r  t he  uniform heat t r a n s f e r .  The symbol R,  t h e  rad ius  of t he  c i r c u l a r  a r c ,  i s  
r e l a t e d  t o  the  f i l l e t  parameter, rs, by the expression 
7 
From t h i s  i den t i ty  t h e  angular coordinate,  0, employed i n  reference 2 and 
equations (17) and (18) h e r e , i s  r e l a t e d  t o  t h e  surface coordinate and f i l l e t  
parameter by 
7 c s  e = - -  
4 rs 
f o r  1st I r , .  
Exact so lu t ions  t o  equations (10) and (11) are obtained from equations (12), 
(l3), and (14) with the  a i d  of a Fortran program f o r  t h e  IBM 7090. 
KERrJEL FUNCTION 
The kernel funct ion t h a t  appears i n  the  i n t e g r a l  equation governing the  
r a d i a t i o n  flux func t ion  i s  defined as t h e  absolute  value of t h e  grad ien t  of t h e  
angle f ac to r .  For any tvo-dimensional, continuous configurat ion with piecewise 
continuous curvature,  t he  angle f a c t o r  i s  
where A t ransformation from Cartesian coordinates t o  surface 
coordinates ( s e e  f i g .  2) i s  convenient when deal ing with a composite surface.  
For t h r e e  choices of l oca t ion  of f i e l d  and source poin ts ,  equation (21) assumes a 
compact form.  
f a c t o r  i s  
P = a r c  t a n  dy/dx. 
For example, when both po in t s  l i e  on t h e  c i r c u l a r  a r c ,  t he  angle 
7[ I s  - S ' I  1 - cos - 
2 8r S 
and i s  employed i n  reference 2. 
l i n e  segment, the  angle f a c t o r  i s  uni ty;  whereas i f  t h e  f i e l d  poin t  i s  on one 
s t r a i g h t  par t  and the  source point  i s  on t h e  other  which i s  t h e  case considered 
i n  reference 1, t h e  angle f a c t o r  (eq.  (21))  can be w r i t t e n  as 
When both po in t s  l i e  together  on e i t h e r  s t r a i g h t -  
8 
The d i f f e r e n t  forms of t h e  kerne l  function corresponding t o  the  th ree  angle 
f a c t o r s  enumerated above as wel l  as the  angle f a c t o r s  which r e s u l t  from the  other  
poss ib le  l o c a t i o n s  of f i e l d  and source poin ts  a r e  computed using equation (1) and 
are l i s t e d  i n  f igu re  3. A perspective drawing, f i gu re  4, depic ts  -the approxirate  
behavior of K ( s ,  s') f o r  rs = 0.3 and exposes a property of the  composite kerne l  
func t ion  t h a t  i s  an a i d  t o  checking the  f i n a l  numerical r e s u l t s .  It i s  evident 
t h a t  t h e  gradient  of 
juncture  of t he  concave and plane surface,  the r a d i u s  of curvature jumps discon- 
t inuous ly  from a f i n i t e  value t o  i n f i n i t y .  Hence, t h e  der iva t ive  of t h e  kerne l  
i s  discontinuous a t  the  juncture a l s o ,  namely, a t  
a l s o  discontinuous a t  
K(s, s') i s  discountinuous a t  several  places .  A t  t h e  
s' = rs and s = rs. (It i s  
s = s ' . )  
The d iscont inui ty  i n  the  kerne l  gradient causes a break i n  the  slope of t h e  
curves t h a t  represent  Q(s)/aTo4 and aT 4(s)/Q0 a t  s = rs.  A t  the  juncture poin t  
t h e  der iva t ive  of e i t h e r  funct ion takes  on two values which a r e  determined accord- 
ing ly  as s = rs i s  approached from the  l e f t  or from the  r i g h t .  The slope d i f f e r -  
ence formula f o r  each funct ion can be found, f i r s t ,  by wr i t ing  down the  t o t a l  
r a d i a t i o n  f lux ,  B(s), as seen from poin ts  on e i t h e r  s ide and very close t o  the  
juncture ,  then by d i f f e r e n t i a t i n g  with respect t o  t h e  f i e l d  coordinate, s, and 
f i n a l l y ,  by passing t o  the  l i m i t ,  rs .  
and t o  the  r i g h t  of rs and very close t o  it. The difference i n  slope of t h e  
funct ions,  &( s)/TO4 and T4( s)/Q0, can be obtained most simply from t h e  dimension- 
l e s s ,  canonical form of the  bas ic  i n t e g r a l  equation, (12), with equations (13) and 
(14), i n  t he  place of t he  dimensional f l u x  function B( s )  mentioned above. 
Expressions f o r  G ( s )  t o  t he  l e f t  and r i g h t  of rs a r e  
Thus, l e t  s1 and s2 be poin ts  t o  the  l e f t  
1 G ( s ' ) K I V ( s l ,  s')ds' S' G ( s ' ) K I ( s ~ ,  s*)ds' + rS 
and 
The slope d i f fe rence  formula f o r  G ( r , )  i s  
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and when equation (24) i s  combined with (22) and (23 ) ,  t he  f i n a l  form i s  w r i t t e n  
compactly as 
'(as as \*- ' 
Expressions f o r  K(s, s ' )  a r e  given i n  f igu re  3. 
A s  can be seen from f igu re  4 the  composite kerne l  funct ion i t s e l f  i s  
continuous, i s  never negative,  and i s  bounded everywhere except i n  t h e  l i m i t  as 
rs 
en t  d e f i n i t i o n  of the  kerne l  which i s  not present  i n  the  functions displayed i n  
references 1 and 2. The s ingu la r i ty  t h a t  occurs when the  a r c  length or  f i l l e t  
rad ius  i s  zero and s = s' = 0 i s  i l l u s t r a t e d  i n  reference 1. The funct ion,  
KJ---*(s, s'), f o r  rs  = 0, i s  not bounded throughout t he  e n t i r e  region of in tegra-  
t i o n  but ,  r a the r ,  increases  i n d e f i n i t e l y  as one approaches the  o r i g i n  along an 
a r b i t r a r y  l i n e ,  s/s' = constant .  However, t he  value of t he  funct ion,  G ( s ) ,  a t  
the  inner corner of the  ad jo in t  p l a t e s  i s  f i n i t e  and i s  determined with the  a i d  
of a Liouville-Neumann expansion i n  powers of t he  parameter, h.  
s e r i e s  i s  a simple formula which w a s  found and exploi ted t o  g rea t  advantage i n  
reference 1. 
goes t o  zero and s = s' = 0 . Note t h a t  a f a c t o r  of 112 i s  put i n t o  the  pres-  
The sum of t h i s  
For the  two examples e laborated here G ( 0 )  y i e l d s  
and 
0 ~ 4 ( 0 )  - 1 + E - -  
E QO 
These formulas a r e  of considerable value i n  ty ing  down t h e  numerical so lu t ion  i n  
a region where t h e  computed data  begin t o  s c a t t e r ,  t h a t  i s ,  near s = s' = 0 f o r  
rs  = 0. 
Another spec ia l  s i t ua t ion ,  not involving a s ingu la r i ty  of t he  kernel ,  a r i s e s  
Here K(s, s') reduces t o  KI(s, s'), t he  inversion of equation (12) when rs = 1. 
i s  possible ,  a s  shown i n  reference 2, and formulas (17) and (18) r e s u l t .  
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PRESENTATION OF RESULTS 
Two problems of phys ica l  i n t e r e s t  have been formulated so t h a t  they emerge 
d i r e c t l y  from equation ( 4 )  when a transformation, equation ( 8 ) ,  i s  made. 
t ransformation c a s t s  (4) i n t o  a form containing t h e  two funct ions,  Q ( s )  and ( s F ( s ) ,  
e x p l i c i t l y .  When e i t h e r  funct ion i s  regarded as a given constant of t h e  problem, 
t h e  b a s i c  equat ion f o r  t h e  other  func t ion  reduces t o  equation (10) o r  (11). 
only f o r  convenience i n  presenta t ion ,  however, t h a t  one func t ion  i s  regarded as a 
constant .  The machine program developed t o  handle equation (9)  and appl ied t o  (10) 
and (11) i s  equal ly  v a l i d  when an a r b i t r a r y  boundary condi t ion i s  given. To f a c i l -  
i t a t e  t h e  p re sen ta t ion  of t h e  numerical r e s u l t s  t h a t  i l l u s t r a t e  t h e  e f f e c t  of a 
f i l l e t ,  however, it s u f f i c e s  t o  use a constant,  e i t h e r  To or  &o, a s  t h e  prescr ibed  
func t ion  on t h e  boundary. 
discussed here may be found i n  f i g u r e s  5 and 6, r e spec t ive ly .  
f i l l e t  s i ze  appear as parameters. 
The 
It i s  
Solut ions t o  the i n t e g r a l  equations,  (10) and (ll), 
The emiss iv i ty  and 
Figure 5 ,  a graph of Q(s)/uTO4 versus s, cons i s t s  of t h r e e  groups of 
curves: an upper group, middle group, and lower  group, i l l u s t r a t i n g  t h e  l e v e l  of 
variation f o r  t h r e e  representa t ive  values of t he  emissivi ty ,  namely, E = 0.9, 0.5, 
and 0.1. Each curve wi th in  a group dep ic t s  the a c t u a l  behavior of t h e  funct ion.  
Several  values  of f i l l e t  s i ze  a r e  p lo t t ed ,  including t h e  two l i m i t i n g  cases ,  
rs = 0 and rs = 1.0. 
It i s  evident  from figure 5 t h a t ,  f o r  a given surface temperature,  To, t h e  
F i r s t ,  f o r  any hea t - t r ans fe r  d i s t r i b u t i o n ,  Q( s)/CTO4, i s  a f fec ted  i n  two ways. 
value of emiss iv i ty  t h e  d i s t r i b u t i o n  f o r  t h e  u n f i l l e t e d  s t ruc tu re  tends toward 
uniformity when a f i l l e t  i s  added. The spread between maximum and minimum heat-  
t r a n s f e r  values of any curve diminishes with increas ing  f i l l e t  s i ze .  The grea t -  
e s t  spread occurs f o r  t h e  u n f i l l e t e d  s t ruc tu re  whereas t h e  c i r c u l a r  a r c  (rs = 1) 
sus ta ins  t h e  l e a s t  v a r i a t i o n  of hea t  t r a n s f e r  along i t s  surface.  Second, f o r  a 
given f i l l e t  s i z e  t h e  l e v e l  of t h e  v a r i a t i o n  of t h e  heat  t r a n s f e r  diminishes with 
decreasing emiss iv i ty .  As  one might expect,  t he re fo re ,  a f i l l e t  has t h e  g r e a t e s t  
e f f e c t  f o r  surfaces  with high e m i s s i v i t i e s .  The inf luence on sur faces  with low 
e m i s s i v i t i e s  i s  small. 
Figure 6 p resen t s  t h e  temperature d i s t r i b u t i o n  on a f i l l e t e d  s t ruc tu re  with 
constant  hea t  t r a n s f e r .  
t h e  value of t h e  func t ion  
(eq.  (18)); it i s  presented as f igu re  6 ( a ) .  A s  E decreases 0, increases  and 
t h e  curve i s  a r b i t r a r i l y  terminated a t  E = 0.01 as a p r a c t i c a l  l i m i t .  The tem- 
pera ture  func t ion  aT4(s)/Q0 - 0,  
dashed curves. 
approximation which introduces a shape fac tor .  
i s  given i n  t h e  next sec t ion .  
The sca le  constant,  oo, t h a t  appears on t h e  f i g u r e  i s  
Or4(0)/Q0 a t  s = 0 f o r  rs = 1 and f o r  a given E 
i s  given i n  f i g u r e  6(b) along with t h r e e  
The l a t t e r  curves a re  typ ica l  r e s u l t s  based upon t h e  use of an 
A discussion of t h e  approximation 
It can be seen from t h e  r e s u l t s  i n  figure 6(b)  t h a t  f o r  a given hea t  
t r a n s f e r ,  Qo, t o  t h e  surface,  t h e  temperature d i s t r i b u t i o n ,  aT4( s ) / Q o ,  i s  a f f ec t ed  
only by t h e  f i l l e t  s i z e  and not by t h e  surface emiss iv i ty ,  a consequence of t h e  
t ransformation t h a t  w a s  found, namely, equation (14) .  
occurs a t  the  corner of t h e  u n f i l l e t e d  s t ruc ture  b u t  t h i s  temperature i s  reduced 
and occurs a t  t h e  juncture  of t h e  two surfaces when a f i l l e t  i s  introduced. For 
The maximum temperature 
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a f ixed  value of emissivi ty  t h e  spread between maximum and minimum temperatures 
diminishes with increasing f i l l e t  s i z e .  
u n f i l l e t e d  s t ruc tu re  whereas t h e  c i r c u l a r  a r c ,  as before ,  sus t a ins  t h e  l e a s t  var- 
i a t i o n  i n  temperature along i t s  surface.  
along t h e  surface i s  independent of emissivi ty .  It should be noted though, t h a t  
t he  temperature va r i a t ion  along t h e  surface becomes l e s s  and l e s s  s ign i f i can t  as  
t h e  emissivi ty  i s  reduced s ince t h e  spread i n  temperatures becomes a smaller and 
smaller f r ac t ion  of t h e  maximum temperature of t h e  surface.  
previous example, t h e  influence of t he  f i l l e t  i s  reduced with decreasing 
emissivi ty  . 
The g rea t e s t  spread occurs f o r  t h e  
I n  t h i s  case, however, t h e  grad ien t  
Thus, as with t h e  
For the range of parameters explored i n  t h i s  presenta t ion  only small values 
of E cause convergence d i f f i c u l t y .  A method of acce lera t ing  convergence w a s  
developed i n  reference 1 and i s  contained i n  the  machine program used here .  Two 
other  parameters t h a t  have not been mentioned so far but  appear i n  t h e  machine 
program are the  s t ep  s i ze  and t h e  des i red  accuracy of t h e  computed r e s u l t .  A 
t o t a l  of 51  equispaced f i e l d  po in t s  on the  surface a t  which a value of a func t ion  
i s  ca lcu la ted  are used. This i s  a s t ep  s i ze  of 0.02 s ince the  t o t a l  surface 
length,  LT, i s  set equal t o  1 i n  t h e  machine code but  equals  2 i n  t h e  formulation 
of t h e  problem and the  presenta t ion  of computed r e s u l t s .  
d id  not a l t e r  any numerical r e s u l t s ,  t o  four  s ign i f i can t  f i gu res ,  except when 
very near t h e  o r i g i n  f o r  small f i l l e t  s i zes .  Some va r i a t ion  i n  t h e  t h i r d  s ign i f -  
i can t  f igure  then i s  observed but  l i t t l e  d i f f i c u l t y  i s  experienced i n  f a i r i n g  
curves because the  value a t  t h e  o r i g i n  i s  known. The i t e r a t i o n  procedure, f o r  
a l l  computed r e s u l t s ,  was continued u n t i l  t h e  d i f fe rence  i n  successive i terates  
w a s  l e s s  than 0.0001. 
A f i n e r  s t e p  s i ze ,  0.01, 
The value of e i t h e r  function, Q<s)/aTo4 or  a T 4 ( s ) / Q 0 ,  a t  t he  juncture  of t h e  
f i l l e t  and plane surfaces  i s  obtained by ex t rapola t ion  of the curves on e i t h e r  
s ide  of the juncture poin t .  This i s  necessary inasmuch a s  t h e  juncture  poin t  i s  
not one of t he  equispaced f i e l d  po in t s .  Except f o r  f i l l e t  s i ze s  l e s s  than  t r i p l e  
t he  s t ep  s ize ,  t h a t  i s ,  0.06, t h i s  i s  s a t i s f a c t o r y  because the re  a r e  then  th ree  
po in t s  through which the  curve can be constructed.  However, it i s  not necessary 
t o  use a f ine r  s tep  t o  obta in  the  curve corresponding t o  f i l l e t s  l e s s  than  0.06 
because the value of t he  funct ion i s  known a t  the  point  of symmetry, s = 0, and 
the  value a t  the  junct ion can be obtained by ex t rapola t ing  only t h e  so lu t ion  from 
t h e  r i g h t .  The ord ina tes  of t h e  i n t e r s e c t i o n  D f  t h i s  extrapolated curve and t h e  
ordinate ,  s = rs, i s  t he  des i red  value.  These two values provided an upper and 
lower bound on the  cosine func t ion  which corresponds t o  the  f i l l e t  por t ion  of t h e  
surface.  The slope of t h i s  func t ion  i s  zero a t  s = 0 and the re  i s  enough infor -  
mation, i n  most instances,  t o  es t imate  adequately the  curve between s = 0 and 
s = rs .  rs = 0.01 and 0.05 a r e  drawn 
i n  t h i s  way. 
In  the  two f igu res ,  5 and 6 ( b ) ,  curves f o r  
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The code t h a t  w a s  developed by H. Lomax f o r  equation (9)  with ke rne l  
funct ion,  equation (21), d i f f e r s  from t h a t  discussed i n  reference 1 i n  t h e  manner 
i n  which the configurat ion and composite kerne l  are introduced. A l s o  it was 
unnecessary t o  incorporate i n t o  t h e  program t h e  ana ly t i c  formula t o  rep lace  the  
corner s ingular i ty .  Hoirever, t h e  i t e r a t i v e  scheme and convergence t e s t s  are t h e  
same and the  reader  may consult  t h i s  reference concerning these  two aspects  of 
t he  numerical method a s  wel l  a s  a discussion o f  t he  technique by which the  r a t e  
of convergence can be accelerat ,e?.  
It i s  i n t e r e s t i n g  t o  consider an a l t e rna te  presenta t ion  of t he  so lu t ions  t o  
equations (10) and (11) vhich define two d i s t i n c t  physical  problems. 
one might begin with a mathematical problem defined by equation (12), t he  
Fredholm i n t e g r a l  equation of the  second kind with symmetric kerne l .  
i s  character ized by the  parameter, rs, as before.  
can be represented by a two-parameter family of  curves, G( s ) ,  t he  parameters 
being h and rs ins tead  of E and rs. An example of t h i s  family i s  given by 
f igu re  6(b)  vhen This group of curves represents ,  i n  t he  mathematical 
sense, t h e  v a r i a t i o n  of G ( s )  with s f o r  h = 1.0 and several  values of t he  kerne l  
parameter, rs. The envelope of t he  solut ions shown i n  t h i s  f i gu re  i s  defined by 
the  curves corresponding t o  rs  = 0 and rs = 1.0. A s  t he  parameter A i s  
reduced from 1 t o  0, t h e  s i ze  of t h e  envelope as wel l  as t h e  l e v e l  of t he  e n t i r e  
group of curves i s  a l s o  reduced. 
l e sces  t o  the  s ing le  curve, G ( s )  = 1.0. The transformations,  equations (13) znd 
(14), l e a d  from the  mathematical problem as s ta ted  above back t o  the  two physical  
problems which have been discussed previously and :~ihose so lu t ions  a r e  given i n  
f igu res  5 and 6. 
Instead,  
The kerne l  
The so lu t ions  t o  t h i s  equation 
E = 1.0. 
I n  the  limit t h a t  h = 0, the  envelope coa- 
APPROXIMATION USING S W E  FACTOR 
An approximate solut ion,  G l ( s ) ,  of t he  canonical form of t h e  r a d i a t i o n  
i n t e g r a l  equaliion, equation (12), i s  obtained under the  assumption t h a t  the  var i -  
a t i o n  of G ( s ' )  with s' 
with s ' .  
expression i s  
can be ignored with respect  t o  the  v a r i a t i o n  of K(s, s') 
It i s  possible ,  therefore ,  t o  replace G ( s ' )  by G ( s )  and t h e  r e s u l t a n t  
( 2 8 )  
1 
= 1 - klqs) 
where f ( s ) ,  c a l l e d  the  shape f ac to r ,  i s  
or a l t e r n a t e l y  
I 
and 
a ( s i n  cp(s, s t )  I = - 
C 
See, f o r  example, f i gu re  1. 
determination of t he  shape f a c t o r .  
Equation (30) i s  e s p e c i a l l y  convenient t o  graphical  
For comparison with t h e  exact numerical so lu t ion  of equations (10) and (ll), 
t he  corresponding approximate so lu t ions  are 
and 
C T T ~ ~ ( S )  1 f ( s )  - +  _ -  
QO E 1 - f ( s )  (33) 
A s  a measure of accuracy of t h e  approximation, t h e  q u a n t i t i e s  
and 
(35) 
CT T R ~  
were computed f o r  a representa t ive  number of po in t s  and f o r  t h e  same values  of 
t he  two parameters i l l u s t r a t e d  i n  f i g u r e s  5 and 6 ( b ) .  For these  values  of t h e  
two parameters, t h e  absolute  value of (34) i s  found t o  be l e s s  than 0.09 and t h e  
absolute  value of (35) i s  found t o  be l e s s  than 0.05 everywhere. 
I n  both physical  problems considered, t h e  g r e a t e s t  disagreement between 
exact and approximate so lu t ions  occurs f o r  a f i l l e t  s i ze  of about 0.1. The 
dependence of expressions (34) and (35) on emiss iv i ty ,  i n  con t r a s t  t o  t h e i r  
dependence on f i l l e t  s i z e ,  d i f f e r s  f o r  t h e  two cases .  For the  constant tempera- 
t u r e  case, expression (34) increases  with decreasing emiss iv i ty ,  being 0.006 f o r  
E = 0.9, whereas it i s  0.09 f o r  E = 0.1. 
expression (35) decreases with decreasing emiss iv i ty .  
y i e l d s  the value 0.05 f o r  expression (35) but  when 
y i e l d s  a value of 0.009. These r e s u l t s  suggest a l s o  t h a t  i n  t h e  mathematical 
sense the  approximation, G1( s )  , most accura te ly  represents  t h e  exact value 
given by equation (12), f o r  low values of A where 0 h 5 1. Approximate 
r e s u l t s ,  shown a s  dashed l i n e s  on f igu re  6 ( b ) ,  are presented only f o r  t h e  con- 
s t a n t  hea t - t ransfer  case because t h i s  case represents  a s ign i f i can t  departure  of 
t h e  approximate so lu t ion  from t h e  exact so lu t ion  and a t  the  same time t h e  l a r g e s t  
va r i a t ion  i n  the  funct ion The constant temperature example f o r  high 
values of 
represented by the  formula, equation (34 ) .  
For t h e  constant hea t - t r ans fe r  case,  
An emiss iv i ty ,  E = 0.9, 
E = 0.1, t h e  same expression 
G( s ) ,  
0T4( s ) / Q o .  
E i n  which t h e  va r i a t ion  of Q(s)/To4 i s  s ign i f i can t  i s  w e l l  
A t  the corner,  s = 0, f o r  a l l  values  of emiss iv i ty  and f o r  r s  = 0, t h e  
approximation 
(32 ) ,  and (30) and (33) l ead  t o  equations (26) and (27 ) ,  respec t ive ly ,  s ince 
f ( 0 )  = 1 / 2  fo r  rs  = 0. This explains ,  i n  p a r t ,  why a maximum i s  observed i n  
expressions (34) and (35) when they are regarded as continuous funct ions of 
1 4  
Gl(s) i s  seen t o  y i e l d  exact  r e s u l t s ;  t h a t  i s ,  equations (30) and 
rs .  
Without t he  corner formulas, (26) and (27), the ava i lab le  numerical data used i n  
equation (29) and, hence, the  approximate solut ions,  (32) and (33), do not suggest 
such a maximum. The approximation appears t o  break down whereas it i s  a c t u a l l y  
exact at t h e  corner.  
Ames Research Center 
National Aeronautics and Space Administration 
Moffett Field,  Cal i f . ,  Sept. 24, 1962. 
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Figure 1.- Two-dimensional s ec t ion  of a surface r a d i a t i n g  d i f f u s e l y  from t h e  














Figure 2.- Coordinates of composite surface with three values of the parameter, 
rs = S/(S + L), shown. 
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Figure 3.- Kernel funct ion i n  surface coordinates l i s t e d  according to r e l a t i v e  
loca t ion  of f i e l d  ( s )  and source ( s f >  poin ts .  
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